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1. Introduction
Let m be an integer. The distance between an element n ∈ (Z/mZ)∗ and its inverse n¯ (mod m) has
been studied by various authors. Formally, let c(n) be the minimal non-negative representative of n
modulo m, and then the distance between n and n¯ is deﬁned as |c(n) − c(n¯)|, which we shall simply
denote as ‖n − n¯‖. In [16] Zhang showed that
∑
n∈(Z/mZ)∗
‖n − n¯‖2k = ϕ(m)m
2k
(2k + 1)(k + 1) + O
(
4km2k+1/2d2(m) log2m
)
.
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showed that for 0< δ < 1,
#
{
n ∈ (Z/mZ)∗: ‖n − n¯‖ < δm}= δ(2− δ)ϕ(m) + O (m1/2d2(m) log3m).
For the case where m = p is a prime, in [18] Zhang showed that for 0< δ < 1,
#
{
n ∈ (Fp)∗:
∥∥nk − n¯k∥∥< δp}= δ(2− δ)p + O (√p log2 p).
In [7], Khan established an upper bound for the maximum possible distance in terms of m. To be pre-
cise, if one deﬁnes M(m) = max{‖n − n¯‖: (n,m) = 1}, then m− M(m) 2√m − 1 . In [1], Khan and
Beck showed that the pairs (n, n¯) are distributed uniformly on the plane. In [9], Khan and Shparlinski
showed that
M(m)m − 4
⌈
d(m)m +√d2(m)m2 + ζ(3/2)m1/2d(m)σ 2(m)ϕ(m)
ϕ(m)
⌉
+ 2,
and it follows that m − M(m) = o(m3/4+ε) for all ε > 0. Ford, Khan, Shparlinski and Yankov [3] nicely
showed that (m − M(m))/√m tends to inﬁnity over a sequence of density 1 (and the same is true if
m is replaced by prime numbers p). In [12] Shparlinski and Winterhof studied the number of possible
distances and showed that for a prime number p and (a, p) = 1,
#
{‖x− y‖: xy ≡ a (mod p), 1 x, y < p, x X, y  Y }
= p · area(Ω(X/p, Y /p))+ O (p3/4 log p),
where Ω(ϑ,ρ) := {(α,β) ∈ [0,1)2: α  ϑ,β  ρ,β  α  1− β}. Recently, Ford, Khan and Shparlin-
ski [4] showed that for almost all m, m − M(m) = O (n1/2+o(1)).
In this paper we work in the case where m is a prime number p. For a primitive root g modulo p,
consider the permutation σg on F∗p determined by σg(n) = gc(n) . Properties of such permutations
were also studied by various authors, and the reader is refered to the interesting papers by Holden
and Moree [5,6]. Now one may ask the following question: what happens to the distance ‖n− n¯‖ if n
is replaced by σg(n), or even by σg(σg(n))? We shall prove the following result.
Theorem 1.1. Let p be an odd prime number. Deﬁne Ap and Bp to be, respectively, the quantities
1
p
max
g
min
1np−1max
{‖n − n¯‖,∥∥σg(n) − σg(n)∥∥,∥∥σg(σg(n))− σg(σg(n))∥∥}
and
1
p
min
g
max
1np−1
min
{‖n − n¯‖,∥∥σg(n) − σg(n)∥∥,∥∥σg(σg(n))− σg(σg(n))∥∥},
where g ranges over all the primitive roots modulo p. Then
limsup
p→∞
Ap  1− 1√
3
and lim inf
p→∞ Bp  1−
√
2
3
.
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rational function r(x) = f (x)/g(x), where f , g ∈ Z[x], we deﬁne
r˜(x) :=
{
0, g(x) ≡ 0 (mod p),
c(r(x)), g(x) ≡ 0 (mod p).
Then we have the following theorem.
Theorem 1.2. Let p be a prime number, r1, r2 be rational functions in Z(x) such that {r1, r2,1} are Q-linearly
independent. Deﬁne D(n) := |r˜1(n) − r˜2(n)|. For k 0, consider the quantities
Ap,k = 1p maxσ minn∈Sp max
{
D(n), D
(
σ(n)
)
, . . . , D
(
σ k(n)
)}
and
Bp,k = 1p minσ maxn∈Sp min
{
D(n), D
(
σ(n)
)
, . . . , D
(
σ k(n)
)}
where Sp is an arbitrary subset of {0,1, . . . , p − 1} such that #Sp = p + o(p), and σ ranges over all the
permutations on Sp . Then
lim
p→∞ Ap,k = 1−
1√
k + 1 and limp→∞ Bp,k = 1−
√
k
k + 1 .
2. Proof of Theorem 1.2
Our proof relies on the following well-known result (see Bombieri [2], Perel’muter [11], and
Weil [13]).
Lemma 2.1. Let p be a prime number, χ be a non-trivial additive character of Fp and r(x) = f (x)/g(x) be a
non-constant rational function in Fp(x). Then
∑
n∈Fp
g(n) ≡0 (mod p)
χ
(
r(n)
)= O deg f ,deg g(√p ).
Also we have the following fact.
Lemma 2.2. Let r1, r2 be as in Theorem 1.2. Then for prime p large enough, r1, r2,1 are Fp-linearly indepen-
dent.
Proof. Assume that r1 = f1/g1 and r2 = f2/g2 where f1, f2, g1, g2 ∈ Z[x]. Then the given condi-
tion is equivalent to say that F , G , H are Q-linearly independent, where F = f1g2, G = f2g1 and
H = g1g2. Let d = max{deg F ,degG,deg H}. Now suppose that r1, r2,1 are not Fp-linearly indepen-
dent for some p. Then F ,G, H are not Fp-linearly independent, that is, there is a non-trivial linear
combination P of F ,G, H such that P ≡ 0 (mod p). Clearly deg P  d. By the assumption that F ,G, H
are Q-linearly independent, P = 0, and since every element in Fp is a root of P , we have deg P  p.
Hence the prime number p such that r1, r2,1 are not Fp-linearly independent is bounded by d. 
In the following, e(x) := exp(2π ix) as usual.
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T I, J := #
{
0 n < p:
(
r˜1(n), r˜2(n)
) ∈ I × J}.
Then
T I, J = 1
p
|I|| J | + Or1,r2
(√
p log2 p
)
.
Proof. By Erdo˝s–Turán–Koksma–Szüsz Inequality (cf. [8, pp. 116]), we have
T I, J − 1
p
|I|| J | = O
(
1
p
+
∑
0s,t<p
(s,t) =0
1
M(s, t)
∣∣∣∣ ∑
0n<p
e
(
sr˜1(n) + tr˜2(n)
p
)∣∣∣∣
)
,
where M(s, t) = (1 + |s|)(1 + |t|). Now since (s, t) = (0,0), by Lemma 2.2, sr˜1(n) + tr˜2(n) is not a
constant mod p, and the sum over sr1(n)+ tr2(n) (avoiding poles) differs from the sum over sr˜1(n)+
tr˜2(n) by no more than Or1,r2(1) terms. It follows from Lemma 2.1 (with χ = e) that
T I, J = 1
p
|I|| J | + Or1,r2
(
1
p
+
∑
0s,t<p
(s,t) =0
1
M(s, t)
√
p
)
= 1
p
|I|| J | + Or1,r2
(√
p log2 p
)
. 
Using this result, one may obtain the following.
Lemma 2.4. Let p be a prime number, r1, r2 be as in Theorem 1.2, Ω ⊆ [0,1] × [0,1] be a region whose
boundary is piecewise-smooth, and pΩ be the corresponding dilation in [0, p] × [0, p]. Then
T := #{(r˜1(n), r˜2(n)) ∈ pΩ}= p · area(Ω) + OΩ(p3/4 log p).
For a derivation of Lemma 2.4 from Lemma 2.3, the reader is referred to the papers of
Laczkovich [10] and Weyl [14]. Next, we have the following key combinatorial lemma.
Lemma 2.5. Let N ∈ N and h1  h2  · · · hN be real numbers, and
A := max
σ
min
1 jN
max{h j,hσ ( j), . . . ,hσ k( j)},
B := min
σ
max
1 jN
min{h j,hσ ( j), . . . ,hσ k( j)},
where σ ranges over permutations of {1, . . . ,N}. Then A = hα(N,k) and B = hβ(N,k) , where α(N,k) := N −
N/(k + 1) + 1 and β(N,k) := N/(k + 1).
Proof. We prove only that A = hα(N,k) , and B = hβ(N,k) is proved in the same way. Write
N = q(k + 1) + r, where 0 < r  k + 1. Consider the permutation σ formed by the following q + 1
cycles
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(k + 1,k + 2, . . . ,2k − 1,2k,N − 1),
(2k + 1,2k + 2, . . . ,3k − 1,3k,N − 2),
...(
(q − 1)k + 1, (q − 1)k + 2, . . . ,qk − 1,qk,N − q + 1),
(qk + 1,qk + 2, . . . ,N − q − 1,N − q).
The lengths of ﬁrst q cycles of σ are k+1, while the last one has length r  k+1. Every cycle contains
an element  N − q = α(n,k). So for every 1 j  N we have
max{h j,hσ ( j),hσ 2( j), . . . ,hσ k( j)} hα(N,k),
and thus A  hα(N,k) . Now suppose that A > hα(N,k) for some N and k. That is, there is a σ such that
max
{
j,σ ( j),σ 2( j), . . . , σ k( j)
}
 α(N,k)
for all 1 j  N . Then each cycle of length  of σ has to contain at least /(k + 1) many elements
from the set S := { j ∈ {1, . . . ,N}: j  N−N/(k+1)+2}. But #S = N/(k+1)−1< N/(k+1), while
the total number of elements in S contained in each cycle of σ is at least
∑/(k + 1) N/(k + 1),
a contradiction. So A = hα(N,k) . 
Now we can prove Theorem 1.2.
Proof of Theorem 1.2. We prove only the claim for Ap,k , and the claim for Bp,k is proved in the same
way. Let Np := #Sp , and rearrange the sequence (D(n))n∈Sp as h1  h2  · · ·  hNp . Then it follows
that
Ap,k = 1p maxτ min1 jLp max{h j,hτ ( j), . . . ,hτ k( j)},
where τ ranges over permutations on {1, . . . ,Np}. By Lemma 2.5, Ap,k = hα(Np ,k)/p. It then suﬃces
to show that hα(Np ,k)/p ∼ (1 − 1/
√
k + 1 )p. Now, let Ω be the following shaded region, where δ =
hα(Np ,k)/p.
By Lemma 2.4,
T1 := #
{(
r˜1(n), r˜2(n)
) ∈ pΩ}= p(1− δ)2 + O (p3/4 log p),
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T2 := #
{
n ∈ Sp:
(
r˜1(n), r˜2(n)
) ∈ pΩ}
= #{n ∈ Sp: D(n) δp = hα(Lp,k)}
= Np − α(Np,k) + 1
=
⌈
p + o(p)
k + 1
⌉
.
Clearly T1 = T2 + o(p), hence
p(1− hα(Np,k)/p)2 =
p
k + 1 + o(p),
which implies that
hα(Np,k) =
(
1−
√
1
k + 1 + o(1)
)
p,
and the proof is complete. 
Proof of Theorem 1.1. By setting r1(x) = x and r2(x) = x−1 in Theorem 1.2, we have D(n) = ‖n − n¯‖.
We let k = 2 and Sp = F∗p . In the statement of Theorem 1.1 the outside max and min are taken over
a subset of all permutations, namely those of the form σg with g a primitive root mod p, therefore
Ap  Ap,2 and Bp  Bp,2. The result then follows immediately from Theorem 1.2. 
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